Vacuum properties of quantum chromodynamics in strong magnetic and finite electric fields are investigated. We show that when a uniform electric field is instantaneously applied in the parallel direction to a strong magnetic field, it induces temporal oscillation of the scalar and pseudoscalar condensates. This is a temporal analog to the chiral spiral. The oscillation originates with the propagation of the collective mode, which is protected by the axial anomaly and thus is nondissipative.
I. INTRODUCTION
Inhomogeneous order parameters are ubiquitous in nature. Famous examples are chargeand spin-density waves in condensed matter physics. For example, in (1 + 1) dimensions, left-and right-moving electrons form a standing wave with an oscillation of the charge and spin densities accompanied by a periodic distortion of the underlying lattice [1, 2] . One of the most intriguing phenomena of density waves is the "sliding" of them by applying electric or magnetic fields, whose effect on transport properties of systems has been actively investigated [3] .
A similar periodic order parameter in quantum chromodynamics (QCD) has been investigated in the context of chiral symmetry breaking. It was originally discussed in the QCD matter at high density with a large number of colors [4] . The scalar and pseudoscalar condensates locally form and vary with the spatial position in a spiral form, which is called the "chiral spiral" [5, 6] . This is an analog to the spin-density wave [2] . The chiral spiral was also proposed in strong magnetic fields [7] , which is closely related to the chiral magnetic effect [8, 9] and the chiral magnetic wave [10] . The charge-dependent azimuthal correlation, which is a key observable of the chiral magnetic effect, has been recently observed in the relativistic heavy-ion collision experiments at RHIC [11] .
While a spatially inhomogeneous state is widely known, a temporally inhomogeneous state is quite nontrivial. In a temporally inhomogeneous state, time translational symmetry is broken. The order parameter continues to change in time evolution. The spontaneous generation of temporal inhomogeneity is a great challenge in theoretical physics [12] .
The main goal of this paper is to demonstrate the formation of time-periodic scalar and pseudoscalar condensates with a spiral structure, which is a temporal analog to the spatial chiral spiral. Our idea is based on two intriguing phenomena of QCD at finite electric and magnetic fields: (I) quark and antiquark pairs creation by external electric fields in the QCD vacuum, which is known as the Schwinger mechanism [13] . The backreaction from quark pairs induces the temporal oscillation of electric current [14, 15] . (II) At strong magnetic fields, the mixing of the electric current parallel to the magnetic field J 3 and the axial charge J 0 5 occurs through the axial anomaly, which is known as the chiral magnetic effect [8] . Because of (I) and (II), an external electric field instantaneously applied parallel to a strong magnetic field generates a temporal oscillation of J We will show that the scalar and pseudoscalar condensates oscillate in a spiral form, and call it the "temporal chiral spiral."
In this paper, we explicitly derive the temporal chiral spiral in the lowest Landau level (LLL) approximation. Since quarks in the LLL approximation are reduced to the (1 + 1)-dimensional theory, we can solve real-time dynamics of the scalar and pseudoscalar condensates in electric fields at the full quantum level. We note, however, that the above mechanism may work in the presence of higher Landau levels as well. This paper is organized as follows: In Sec. II, we summarize the standard method to study relativistic fermions in strong magnetic fields, that is, the LLL approximation. We show that the dynamics of relativistic fermions are reduced to that of the (1 + 1)-dimensional theory in strong magnetic fields, and derive the effective action of QCD in the strong-B limit. Then, in Sec. III, we rewrite this effective action in terms of bosonic degrees of freedom, which is useful to study nonperturbatively the effect of electric fields on the scalar and pseudoscalar condensates. In Sec. IV, we show how the scalar and pseudoscalar condensates behave when external electric fields are applied parallel to strong magnetic fields. In particular, we consider two cases of the external electric fields: (I) the instantaneous electric field E(t) = (E 0 /m γ )δ(t); (II) the constant electric field E(t) = E 0 Θ(t) [Θ(t) is the Heaviside step function]. After that, we discuss the relation between the temporal chiral spiral and the chiral magnetic wave, and show that the nondissipative nature of the temporal chiral spiral originates with the axial anomaly in (1 + 3) dimensions. We also investigate the effect of finite densities and propose a new nonequilibrium stationary state in a dense quark matter. Section V is devoted to concluding remarks. In Appendixes A and B, the detailed derivation of the Landau quantization for fermions and the non-abelian bosonization technique are shown. 
II. DIMENSIONAL REDUCTION
We start with the dimensional reduction of quarks in strong magnetic fields. Let us consider a magnetic field B applied in the z direction. (For late use, we take e > 0 and B > 0.) The energy spectra of relativistic fermions and antifermions are discretized by the Landau quantization [16] ,
with n and s = ±1/2 denoting the Landau level and the spin, respectively (For the details of the Landau quantization, see Appendix A.) The energy eigenstate with n > 0 has the induced mass m 2 n = 2eBn. When the magnetic field is much larger than the QCD energy scale, namely, eB Λ QCD 2 ∼ (200 MeV) 2 , the contributions from higher Landau levels (n > 0) are suppressed due to the induced mass, and the LLL (n = 0 and s = 1/2) becomes dominant. Thus, the quark field can be projected to the LLL states as [17] 
with f = (l, i), where l and i denote the angular momentum and the color, respectively. Here, [17] [18] [19] ,
In the following, γ µ represent the gamma matrices in (1 + 1) dimensions, not in (1 + 3) dimensions, unless otherwise stated. For late use, we explicitly write down the gamma matrices in the chiral basis:
The ( 
The (1 + 1)-dimensional "gluon" field A µ is composed of the photon field A em µ with nonzero transverse momentum and the gluon field A a µ with both zero and nonzero transverse momenta,
The perpendicular components of the (1 + 3)-dimensional photon and gluon fields, A em µ and A a µ (µ = 1, 2), decouple from the dimensionally reduced quarks. We remark that the perpendicular dynamics of quarks is not completely lost even in the LLL approximation.
The perpendicular degrees of freedom of quarks are mapped into the internal ones (the angular momentum) of the dimensionally reduced quarks. They couple to the "gluon" fields with nonzero transverse momentum.
III. NON-ABELIAN BOSONIZATION
Now, we rewrite the action (3) by using the bosonization techniques [20] . (For the details of the derivation, see Appendix B.) In (1 + 1) dimensions, vector fields can be decomposed
where µν are totally antisymmetric tensors with 03 = 1. With the combinations of the local vector and axial-vector gauge transformations
the action (3) is rewritten as
By using the transformation c = Ωc, we can remove a µ and A µ , and transform the action to 
where the trace runs over the "color" space. The generating functional is given as [20] (see
Introducing two boson fields, a U(1) generator φ, and an SU(N L N c ) element h, we can write the bosonic action
where A ± = A 0 ± A 3 . j µ (φ) and k µ (h, A µ ) are the electric and "color" covariant currents and are defined as
The first term comes from the abelian part W 1 [a µ ] and the second and third terms come from the non-abelian part W 2 [A µ ]. We remark that φ couples only to the "photon" fields a µ . In addition, the "photon" fields a µ do not couple to any other components of gauge fields. Therefore, φ and a µ are not affected by perpendicular or color dynamics of h and the "gluon" fields A µ . We only have to solve the abelian part of the action to study the real-time dynamics of φ and a µ .
The quickest derivation of Eq. (14) is to utilize the invariance of the path integral measure.
For the abelian part, if we define the bosonic action of an element of U(1) Φ as
we can show that
where we used D(uΦv) = DΦ. Therefore, the bosonic actionS LLL (Φ, a) is equivalent to the fermion action minimally coupled to abelian gauge fields up to an irreverent normalization factor. By using the Polyakov-Wiegmann formula,
repeatedly, we have
We note that for the abelian part Γ[uv], the Wess-Zumino term is zero because the integrant is symmetric about µ ↔ ν, and tr gives the numerical factor N L N c . By taking
and rewriting the action (21) in terms of φ, we obtain the abelian part of action (14) . For the non-abelian part, if we define
where we used D(U hV ) = Dh. By applying the Polyakov-Wiegmann formula toS LLL (h, A)
repeatedly, we obtain the non-abelian part of Eq. (14) .
In terms of boson fields h and φ, the scalar and pseudoscalar operators, whose expectation values are the order parameters of chiral symmetry breaking, are written as
with µ being a renormalization scale [20] . The electric-and axial-current operators are given
The corresponding operators in (1 + 3) dimensions are related as= cc /V ⊥ , J µ = j µ /V ⊥ , and so on.
The scalar condensate at E = 0 is given by cc 0 = −2µ|h| cos θ with trh = |h| exp(iθ).
Strictly speaking, in an exactly (1+1)-dimensional theory, the order parameter vanishes due to the strong infrared fluctuations (the Mermin-Wagner-Coleman theorem [22] ). However, in the case of the dimensional reduction by a magnetic field, a large but finite B plays a role of the infrared cutoff, so that the scalar condensate may stay finite [18, 23] . It is nontrivial whether the condensate survives at a large B [24] . To evade this, in the following discussion, we consider only the one-flavor case. There exists only one pseudoscalar meson "η" that would be the Nambu-Goldstone boson associated with spontaneous breaking of the U(1) axial symmetry. However, the U(1) axial symmetry is explicitly broken by the axial anomaly. As can be explicitly shown in (1 + 1) dimensions, the pseudoscalar meson becomes massive due to the mixing with a massive photon. Therefore, there exists no strong infrared fluctuation of the Nambu-Goldstone boson, and thus the scalar condensate is finite. In a multiflavor case, we need to assume that the scalar condensate is finite in (1+1)-dimensional reduced theory due to some infrared cutoff.
IV. TEMPORAL CHIRAL SPIRAL
Let us consider how the scalar and pseudoscalar condensates behave when an external electric field E is applied parallel to B. The action of φ coincides with that of the Schwinger model with the effective electric charge e eff = e √ N L N c [25] . First, if we keep only external electric fields and neglect the quantum fluctuation of the "photon" fields, we have
where
. If we consider a uniform electric field with a very small frequency ∼ −ω 2 ∼ 0, the scalar and pseudoscalar condensates oscillate very rapidly, and their intervals become zero in the zero-frequency limit. This fact suggests that they have an instability against a constant electric field. This instability is resolved by the screening effect from quark pairs induced by the Schwinger mechanism.
We decompose the "photon" field a µ into the quantum fluctuation a qµ and the external field a eµ ,
with f µν = ∂ µ a qν − ∂ ν a qµ . In (1 + 1) dimensions, a qµ is not a dynamical variable, and can be explicitly integrated out from the theory. The resultant action reads
where m γ is the Schwinger photon mass [25] , given by m
We imposed the charge neutrality condition to obtain Eq. (31). The scalar and pseudoscalar condensates become cc = cc 0 cos 2e Now, the zero-frequency limit can be treated properly.
Here, we consider two cases of the external electric field E(t): (I) the instantaneous electric field E(t) = (E 0 /m γ )δ(t), and (II) the constant electric field E(t) = E 0 Θ(t). For the case (I), we obtain the oscillating scalar and pseudoscalar condensates,
at t > 0, as shown in Fig. 2 . In the regions of |m γ t − kπ| 1 (k = 0, 1, . . .), they oscillate in a spiral form like
For example, in the vicinity of t = 0 (k = 0), they oscillate in the standard cosine and sine waves as shown in Fig. 3 , where the periodicity is given by ω = 2eE 0 /m γ . On the other hand, in the regions of |m γ t − (k + 1/2)π| 1, they oscillate in a spiral form, not in the standard periodic one, where they behave like
In contrast, for the case (II), we obtain cc = cc 0 cos 2e
at t > 0, as shown in Fig. 4 . In the regions of |m γ t − kπ| 1, they oscillate in a spiral form, not in the standard periodic one like cc = cc 0 cos 2e
On the other hand, in the regions of |m γ t − (k + 1/2)π| 1, they oscillate in a spiral form with the standard cosine and sine waves, as shown in Fig. 5 in the case of k = 0. They behave like cc = cc 0 cos 2e
where the periodicity is given by ω = 2eE 0 /m γ . The vector and axial-vector currents are given as
We can see the propagation of the same collective mode as the so-called "chiral magnetic wave" [10] , if m 2 γ is neglected. From this fact, we find that in the LLL approximation, the temporal chiral spiral is nondissipative and protected by the axial anomaly. To clarify this point, let us consider the axial anomaly in (1 + 3) dimensions,
Keeping only with the contribution from the LLLs, the integrand of Eq. (48) reads
We note that E represents the sum of external and induced electric fields in the parallel direction to B. Because of a speciality of (1 + 1) dimensions, j 3 = j 0 5 is satisfied. Moreover, from the integrant of the Maxwell equation in (1 + 1) dimensions, V ⊥ ∂ 0 f 03 = ej 3 , we have
From Eqs. (49) and (50), the electric current and total electric field become harmonic oscillators with the same frequency m γ , which are not attenuated permanently [15] . The oscillation of the electric current can also be understood as the propagation of the chiral magnetic wave as shown in Eqs. (46) and (47), and thus the chiral magnetic wave must be nondissipative. Then, since the temporal oscillation of scalar and pseudoscalar condensates also originates with the propagation of the chiral magnetic wave as shown in Eqs. (32) and (33), the temporal chiral spiral is also nondissipative. We emphasize that this nondissipative nature comes from the continuity equation of axial charge in Eq. (49), or equivalently, the axial anomaly keeping only with the LLL contributions. Therefore, the temporal chiral spiral may be nondissipative even at finite temperature as long as the LLL approximation is plausible, because the axial anomaly is not modified by temperatures [9] . If the corrections from higher Landau levels are taken into account, the chiral magnetic wave may become dissipative [10, 26] . Then, the scalar and pseudoscalar condensates behave as damping oscillators with a spiral structure.
Finally, let us discuss the temporal chiral spiral in a dense quark matter. To make a quark number density finite, we introduce the external current to the action (3). The action
When the external current is j (24), (25), (26) and (27) . For example, when the instantaneous external electric field is applied, the real-time evolution of the scalar and pseudoscalar condensates are cc = cc 0 cos 2e
which exhibit the coexistence of the temporal and spatial chiral spirals. The quark number density is j 0 = N L N c ρ, which is independent of t and z. The temporal and spatial chiral spirals form a propagating wave. In the regions of |m γ t − kπ| 1, the dispersion relation is linear, whose velocity is given as v = eE 0 /(πm γ ρ). In a charge neutral matter, such as in a neutron star, we need to take into account background charges, such as electrons or muons.
Assuming that the dynamical scales of quarks and the background charges are sufficiently separated and the background charges are approximated to be static, we can apply the same argument [27] .
V. CONCLUDING REMARKS
In this paper, we have presented the analysis of dynamical properties of the scalar and pseudoscalar condensates in finite electric and strong magnetic fields. In particular, we have discussed a temporal analog to the spatial chiral spiral in the LLL approximation.
Although the scalar and pseudoscalar condensates seem unstable against a constant external electric field, this instability is resolved by the backreaction from quark pairs induced by the Schwinger mechanism. We showed that the uniform electric field that is instantaneously applied parallel to a strong magnetic field induces a temporal oscillation of the scalar and pseudoscalar condensates in a spiral form.
There are several future directions toward QCD phenomenology. In the quark-gluon plasma with a strong magnetic field or the inner core of magnetars, the temporal chiral spiral plays a key role for the dynamical restoration of chiral symmetry. In realistic situations where magnetic fields do not reach the scale that the LLL approximation is plausible, the temporal chiral spiral may be damped by dissipative modes. Therefore, we need to treat the corrections beyond the LLL and check whether the temporal chiral spiral survives. We can also investigate in detail the temporal chiral spiral at finite temperatures and densities on the basis of effective models of QCD. Another important subject is a time-periodic charged meson condensate in two-flavor QCD.
Our analysis can be applied to quasi-one-dimensional condensed matter systems described by the Tomonaga-Luttinger liquid [28] . The time-periodic condensate to be addressed in this paper would also be realized in, e.g., quantum wires like carbon nanotubes [29] , fractional quantum Hall edge states [30] , and one-dimensional cold-atom systems [31] . For example, in the case of carbon nanotubes, the Schwinger photon mass would be scaled by the Fermi
2 ) with g being a parameter of Tomonaga-Luttinger liquid and R being a tube radius [32] , respectively. We can estimate the magnitude of oscillations, ω = 2eE 0 /m γ ∼ 10 10 Hz with v F = 8 × 10 5 m/s, g = 0.2, R = 1 nm [32, 33] , and eE 0 = 1 meV/µm. In these condensed matter systems, one can discuss the experimental observation of the "time crystal," namely, the ground state with time-periodic condensates [12] , by utilizing the nondissipative collective mode protected by quantum anomaly, instead of spontaneous symmetry breaking. We consider the equation of motion for the charged scalar field Φ in a uniform magnetic field,
with the background covariant derivative D µ = ∂ µ + ieA 
From Eq. (A2), we can write f (x ) = exp(−iεt + ip 3 z) and λ = ε 2 − (p 3 ) 2 − m 2 . We can easily solve Eq. (A3) by rewriting it in the Dirac bracket form,
2 )/eB. We introduce new position and momentum operators as
They satisfy the canonical commutation relations [X,
, and others become zero. Then, H reads
The transverse motion of the charged scalar field becomes a harmonic oscillator and thus quantized, which is the so-called Landau quantization. Now, we introduce creation and annihilation operators
where [a,
, and other commutation relations vanish. Using these operators, the Hamiltonian is written as
Since the eigenvalue of H is 2n + 1 with integer n, the energy of particles and antiparticles is given by
In the symmetric gauge, the angular momentum L z is given by
and it apparently commutes with H. Therefore, the eigenstates of Eq. (A4) are labeled by the Landau level n and the angular momentum l as
where |0, 0 is defined by a|0, 0 = b|0, 0 = 0. We note that l has the minimum l = −n, but it is not bounded from above by n.
Let us now derive the wave function of |n, l in the coordinate space. We define the complex coordinates
From Eqs. (A9) and (A14), the creation and annihilation operators can be written as
The LLL wave function with l = 0 is obtained by a|0, 0 = b|0, 0 = 0, which are
in the coordinate space. Here ϕ 0,0 (ξ,ξ) ≡ ξ,ξ|0, 0 . The solution is
where the normalization of the wave function is chosen as
The wave function of |n, l in the complex coordinates reads
where we used the generalized Laguerre polynomials
Taking n = 0, we obtain the LLL wave function
Dirac field
Next, we consider a Dirac field Ψ in a uniform magnetic field. The Dirac equation in
The (1+3)-dimensional gamma matrices in the Dirac representation are
Equation (A23) in the Dirac representation is explicitly
where σ i are the Pauli matrices. When we choose the symmetric gauge, u satisfies
where we used
Taking an ansatz u(x) = ψ ± (x)χ ± with σ 3 χ ± = ±χ ± , we have
The energy of particles and antiparticles (with spin s = ±1/2) is discretized as
The wave functions are labeled by the energy level n, the angular momentum l, the momentum parallel to the magnetic field, p 3 , and the spin s = ±1/2 as
with σ ± being defined as 
In the spin basis, the wave functions are written as
where U is a unitary matrix,
In this basis, the wave function of the LLL becomes
Here, let us derive the propagator. The sum of the spin and angular momentum is
is the projection operator of the spin along the magnetic axis. The fermion propagator is obtained from the spectral decomposition
To perform the sum of the angular momentum and spin in the denominator of Eq. (A42), we need the following relations:
∞ l=−n ξ 1 ,ξ 1 |n, l n, l|a † |ξ 2 ,ξ 2 = eB 2π U (ξ 1 ,ξ 1 , ξ 2 ,ξ 2 ) ξ 1 −ξ 2 e
where U (ξ 1 ,ξ 1 , ξ 2 ,ξ 2 ) is a nonlocal phase factor depending on the choice of gauge given by
(ξ 1ξ2 −ξ 1 ξ 2 ) .
The propagator can be decomposed into U (ξ 1 ,ξ 1 , ξ 2 ,ξ 2 ) and a function depending on x 1 −x 2 , S(x 1 , x 2 ) = U (ξ 1 ,ξ 1 , ξ 2 ,ξ 2 )S(x 1 − x 2 ).
In momentum space,S can be written as [34] S(p) = e
with
The important fact is that the transverse dynamics of all the Landau levels is suppressed
eB, because the transverse momentum is scaled as (p ⊥ ) 2 /eB in Eqs. (A48) and (A49). 
and γ 5 = −iγ 3 γ 4 . They satisfy
[γ µ , γ ν ] = 2i µν γ 5 ,
where µν are totally antisymmetric tensors in the Euclidean space with 34 = 1. The
Euclidean action is
with the Dirac operator
The generating functional W E [a µ , A µ ] is defined as
In an infinite volume, the gauge fields can be decomposed as
From the hermitcity of gauge fields,
are satisfied. We have
where ∂ ± ≡ ∂/∂x 3 ± i∂/∂x 4 . The Dirac operator is written as
where 
The first Seeley coefficients are given as [20, 21] α (r) = β (r) = γ 
